This paper investigates the two-dimensional frictionless contact problem of a functionally graded magneto-electro-elastic materials (FGMEEMs) layered half-plane under a rigid flat or a cylindrical punch. It is assumed that the punch is a perfect electro-magnetic conductor with a constant electric potential and a constant magnetic potential. The magneto-electro-elastic (MEE) properties of the FGMEEM layer vary exponentially along the thickness direction. Using the Fourier transform technique, the contact problem can be reduced to Cauchy singular integral equations, which are then solved numerically to determine the normal contact stress, electric displacement and magnetic induction on the contact surface. Numerical results show that the gradient index, punch geometry and magneto-electro-mechanical loads have a significant effect on the contact behavior of FGMEEMs.
Introduction
Piezoelectric materials, piezomagnetic materials and magnetoelectro-elastic materials (MEEMs) consisting of piezoelectric phase and piezomagnetic phase have been widely used in lots of high technology applications, such as actuators, sensors, electronic memory devices and electronic instrumentations, due to the coupling effects of these materials between mechanical, electric and/ or magnetic fields (Spaldin and Fiebig, 2005; Nan et al., 2008) . Because of their great potential in smart materials and structures, many studies and analyses have emerged to consider the MEE coupling characteristics of MEEMs (Harshe et al., 1993; Huang and Kuo, 1997; Chen et al., 2002 ), Green's function (Pan, 2002; Wang and Shen, 2002; Hou et al., 2005) , fracture (Feng et al., 2007; Zhong and Li, 2008; Wang et al., 2010) , bending (Pan and Heyliger, 2003; Dai and Wang, 2006) , vibration (Bhangale and Ganesan, 2005; Chen et al., 2006) and wave propagation (Chen et al., 2007; Calas et al., 2008) . It should be pointed out that devices made of piezoelectric materials, piezomagnetic materials and MEEMs subjected to a large localized load exerted by a rigid body may suffer from the surface contact damage or produce microcracks in the areas where highly concentrations of the contact stress, electric displacement and magnetic induction take place. Therefore, contact problems are much important in characterizing the mechanical, electric and/or magnetic properties of smart materials and structures. Up to date, a lot of researches on the contact mechanics of piezoelectric materials, piezomagnetic materials and MEEMs have been conducted, which will be reviewed briefly.
Contact problem of piezoelectric materials
With the development of piezoelectric ceramics in various engineering applications, some typical piezoelectric contact and indentation problems have been conducted. Giannakopoulos and Suresh (1999) presented an analytical general solution for the axisymmetric frictionless contact problem of the transversely isotropic piezoelectric solids subjected to rigid flat, conical and spherical indenters using the Hankel transform method. Chen (2000) investigated the contact problem of a rigid punch bonded to a transversely isotropic piezoelectric half-space using the potential theory method developed to derive the elementary potential functions and the exact 3D expressions of electro-elastic fields. Li and Wang (2006) discussed the Hertzian contact problem for two anisotropic piezoelectric bodies using the Fourier transform method. The generalized displacements, strains and stresses at an arbitrary point were also given by contour integrals. Wang and Han (2006) and Wang et al. (2008) solved the two-dimensional and axisymmetric contact problems of the insulting or conducting circular punches on a piezoelectric layer or a half-space. Effects of the thickness of the piezoelectric layer on the stress and electric displacement, and their intensity factors at the punch tip were discussed in detail. Arty et al. (2009) considered a piezoelectric half-space indented by a frictional sliding flat punch.
http://dx.doi.org/10.1016/j.ijsolstr.2014.03.028 0020-7683/Ó 2014 Elsevier Ltd. All rights reserved. Guo and Jin (2009) conducted the adhesive contact behavior of the cylindrical punch acting on the transversely isotropic piezoelectric half-space. They used the generalized JKR-model to describe the adhesion effect by assuming the non-sliping condition within the contact region. Wang et al. (2011) considered the indentation responses of a piezoelectric film on the elastic substrate, and discussed the effect of the Young's modulus and the Poisson's ratio of the substrate on the electro-elastic fields. Furthermore, Zhou and Lee (2011) investigated the thermal contact problem between the rigid insulting punch and the piezoelectric strip with the heat supply generated by the frictional tangential traction. They later presented a general theory for the moving contact behaviors of anisotropic piezoelectric materials under the action of a rigid flat or cylindrical punch (Zhou and Lee, 2012a) . It was assumed that the punch was either a perfectly electric conductor or a perfectly electric insulator.
Contact problem of piezomagnetic materials
Researches on the contact problem of piezomagnetic materials remained few so far. Giannakopoulos and Parmaklis (2007) examined the frictionless axisymmetric contact of the piezomagnetic half-space indented by a rigid insulating flat punch. Their analysis gave explicit results regarding the force-depth and the force-magnetic flux density responses. Zhou and Lee (2012b) presented the two-dimensional frictionless contact problem of the piezomagnetic half-plane under the rigid insulating punches with a constant moving speed. Later, Zhou and Kim (2013) considered the frictional moving contact of piezomagnetic materials indented by a flat or cylindrical punch. They discussed the effects of the friction coefficient and moving speed of the punch on various surface stresses and magnetic induction. Hou et al. (2003) presented the elliptical Hertzian contact of transversely isotropic MEEM bodies, and obtained the exact general solutions of MEEM fields for both smooth and frictional cases. Chen et al. (2009) dealt with the axisymmetric contact between a rigid punch and a multiferroic half-space. The punch could be flat, spherical or conical with four different boundary conditions, i.e., electrically and magnetically conducting, electrically conducting and magnetically insulating, electrically insulating and magnetically conducting, electrically and magnetically insulating. Zhou and Lee (2012c,d) analytically and numerically studied the twodimensional frictionless contact behavior of the MEEM half-plane indented by a sliding rigid flat or cylindrical punch with different boundary conditions. The closed-form expressions for the contact stresses, electric displacements and magnetic inductions were given in terms of fundamental functions. They also conducted the frictional indentation problem of the multiferroic half-plane under a rigid sliding punch (Zhou and Lee, 2013) . More recently, Elloumi et al. (2013) presented an exact solution for the sliding frictional contact problem between an MEEM half-plane and a rigid conducting flat punch subjected to magneto-electro-mechanical loads.
Contact problem of MEEMs
Functionally graded materials (FGMs) are inhomogeneous composites whose material properties varying continuously along one or several particular directions. This kind of materials can eliminate or alleviate the interface problems in homogeneous composites. In recent years, the contact mechanics of FGMs has received considerable attention (Guler and Erdogan, 2004 Wang, 2006, 2007; Choi, 2009) . Many experimental and theoretical results have shown that a properly controlled material property gradient in the FGMs can lead to a significant improvement in the resistance to contact deformation and damage (Giannakopoulos and Suresh, 1997a,b; Suresh, 2001) . Recently, his co-authors (2008a,b, 2010) extended the contact mechanics of FGMs to functionally graded piezoelectric materials (FGPMs). They discussed the frictionless and sliding frictional contact behaviors of FGPMs layered half-plane under a rigid insulating or conducting punch. Their results showed that the electromechanical contact damage can be resisted by adjusting the gradient index of the FGPM layer. To the best of authors' knowledge, no results were reported on the contact mechanics of the functionally graded magneto-electro-elastic materials (FGMEEMs).
This paper investigates the two-dimensional frictionless contact problem of the FGMEEM layered half-plane under a perfectly rigid conducting punch with constant electric and magnetic potentials. With the help of the Fourier transform technique, the problem can be reduced to Cauchy type singular integral equations of the 1st kind, which are then solved numerically to determine the unknown contact stress, electric displacement and magnetic induction. A comprehensive parametric study is conducted to highlight the effects of the gradient index, punch geometry and magneto-electro-mechanical loads on the contact behavior of the FGMEEM layered half-plane.
Punch problem for an FGMEEM layered half-plane
Consider the contact problem shown in Fig. 1 where a rigid punch acts on the top surface of the FGMEEM layer with the thickness h perfectly bonded to a homogeneous MEEM half-plane with the polarization in the thickness direction. The punch is subjected to a resultant normal force P, a total electric charge Q and a total magnetic induction C. The x-axis is along the longitudinal direction Subscripts m, n, r m = 1, 2, ..., N; n = 1, 2,..., N À 1; r = 1, 2, ..., N + 1 at the interface, and the z-axis is along the thickness direction and points upwards. To avoid the interfacial stress concentration due to the property mismatch, the material properties should achieve a continuous change and the elastic constants c kl ðzÞ, the electric con- 
where c kl0 , e kl0 , e kl0 , h kl0 , d kl0 and l kl0 are the MEE properties of both FGMEEM layer and homogeneous MEEM half-plane at the interface z ¼ 0; the value of b characterizes the material property gradient in the z-direction; and b ¼ 0 corresponds to the special case where the upper layer is homogeneous as well. It is assumed that the rigid punch is a perfect electro-magnetic conductor with a constant electric potential / c and a constant magnetic potential w c within the contact region Àa 6 x 6 a. The normal displacement component is known from the given punch profile within the contact region whereas the surface contact pressure, electric displacement and magnetic induction are zero outside the contact region. Let pðxÞ, qðxÞ and gðxÞ be the normal contact pressure, surface electric charge and surface magnetic induction within the contact region, respectively.
General solutions for the FGMEEM layer
The linear constitutive equations for a transversely isotropic FGMEEM layer under the plane strain state can be expressed in terms of the displacement components u x1 , u z1 , electric potential / 1 and magnetic potential w 1 as r xx1 ¼ c 11 ðzÞ 
Substitution of Eqs. (1)- (8) into Eqs. (9)- (12) leads to
Applying the Fourier integral transform to Eqs. (13)- (16) with respect to x gives 
where R 0 ; . . . ; R 8 are given in Appendix A; and a j ðsÞ, b j ðsÞ and c j ðsÞ can be determined by
The transformed displacement components, stress components, electric potential, electric displacement, magnetic potential and magnetic induction of the FGMEEM layer can be represented in the matrix form as 
General solutions for the MEEM half-plane
For the homogeneous MEEM half-plane (z < 0), we can use the similar process as presented in Section 2.1 to obtain the transformed displacement components, electric potential and magnetic potential, which satisfy the conditions at infinity: u x ; u z ; /; w ! 0 as ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 
where
The transformed displacement components, stress components, electric potential, electric displacement, magnetic potential and magnetic induction of the homogeneous MEEM half-plane can also be represented in the matrix form as u x2 ðs; zÞ;ũ z2 ðs; zÞ;ũ 2 ðs; zÞ;w 2 ðs; zÞ;r zz2 ðs; zÞ;r xz2 ðs; zÞ; nD z2 ðs; zÞ;B z2 ðs; zÞ 
Boundary conditions and singular integral equations
The unknown functions A j (j ¼ 1; 2; . . . ; 8) and Y i ði ¼ 1; 2; 3; 4Þ in Eqs. (21) and (29) can be determined from the following boundary conditions at the top surface z = h r zz1 ðx; hÞ ¼ ÀpðxÞ; Àa 6 x 6 a; With the help of Eqs. (28) and (35) 
together with its parity properties, 
With the help of the Fourier representation of generalized functions (Gradshteyn and Ryzhik, 2000; Choi and Paulino, 2008) 
substitution of Eqs. (50)- (52) Eqs. (55)- (58) are the coupled Cauchy singular integral equations of the 1st kind for the unknown surface contact pressure pðtÞ, electric charge qðtÞ and magnetic induction gðtÞ provided that the profile, electric potential and magnetic potential of the punch are prescribed. K ac ðx; tÞ are the generalized Fredholm integral kernel without the singularity.
Note that the resultant force P, total electric charge Q and total magnetic induction C related with pðtÞ, qðtÞ and gðtÞ are given as Z a
Introducing the following normalized quantities t ¼ ag; x ¼ af; Àa 6 ðt; xÞ 6 a; À1 6 ðg; fÞ 6 1;
Eqs. (56)- (61) can be expressed as
gðgÞK 24 ðf; gÞdg;
These equations will be solved numerically to find the surface contact pressure, electric charge and magnetic induction in the next section for two subset problems.
Examples

A conducting rigid flat punch
We first consider the frictionless contact between an FGMEEM layered half-plane and a rigid conducting flat punch as shown in Fig. 2a 
For a flat punch with a constant electric potential and a constant magnetic potential, the normal contact pressure pðgÞ, electric charge distribution qðgÞ and magnetic induction distribution gðgÞ exhibit the square root singularity at the ends g ¼ AE1 (Giannakopoulos and Suresh, 1999; Zhou and Lee, 2012c) . Taking account of Eq. (68), Eqs. (62)- (67) can be solved numerically by the method developed by Erdogan and Gupta (1975) . Express pðgÞ, qðgÞ and gðgÞ in the form of
Then Eqs. (62)- (67) 
where g m ¼ cos½ð2m À 1Þp=2=N; f n ¼ cos½pn=N with n ¼ 1; 2; . . . ;
N À 1; and N is the total number of the collocation points distributed over the range ðÀ1; 1Þ. Eqs. (70)- (75) provide 3N equations from which 3N unknowns f 1 ðg 1 Þ; f 1 ðg 2 Þ; . . . , f 1 ðg N Þ, f 2 ðg 1 Þ, f 2 ðg 2 Þ, . . ., f 2 ðg N Þ, f 3 ðg 1 Þ, f 3 ðg 2 Þ, . . ., f 3 ðg N Þ can be determined.
A conducting rigid cylindrical punch
A cylindrical punch with the radius R is often approximated as a parabolic punch with the same radius of the curvature at the center of the contact region, as shown in Fig. 2b . Then, the punch profile with the maximum indentation depth d 0 at f ¼ 0 can be given by
Therefore, for a cylindrical punch with a constant electric potential and a constant magnetic potential, we have
In this case, the contact pressure pðgÞ is smooth at both ends g ¼ AE1, while the electric charge and magnetic induction are divided into two parts, respectively, qðgÞ ¼ q 1 ðgÞ þ q 2 ðgÞ; gðgÞ ¼ g 1 ðgÞ þ g 2 ðgÞ; ð78Þ
where q 1 ðgÞ and g 1 ðgÞ are induced by the normal load P, and are smooth at the ends g ¼ AE1; q 2 ðgÞ and g 2 ðgÞ are induced by the constant electric potential / c and the constant magnetic potential w c , and have the square root singularity at both ends (Zhou and Lee, 2012c) . With the help of Eqs. (77) and (78), Eqs (62)-(67) can be written as 
where Q 1 and C 1 are the electric charge and the magnetic induction due to the normal load P, respectively. By expressing pðgÞ, q 1 ðgÞ and g 1 ðgÞ as
Eqs. (79)- (84) could be discretized as
where g m ¼ cos½mp=ðN þ 1Þ; and f r ¼ cos½pð2r À 1Þ=2=ðN þ 1Þ with r ¼ 1; 2; . . . ; N þ 1. Eqs. (90)- (95) give 3N þ 6 equations for
. . ., f 3 ðg N Þ; Q 1 , C 1 and a. To solve these equations, N is selected to be an even integer and the equations corresponding to r ¼ N=2 þ 1 are ignored (Erdogan and Gupta, 1975) . It has to be pointed out that the solution for the cylindrical punch just obtained could automatically satisfy the consistency condition given by Muskhelishvili (1953) . Similarly, by expressing q 2 ðgÞ and g 2 ðgÞ as
Eqs. (85)- (88) can be also discretized as
where g m ¼ cos½ð2m À 1Þp=2=N; and f r ¼ cos½pn=N with n ¼ 1; 2; . . . ; N À 1. Eqs. (97)- (100) 
Numerical results and discussion
In what follows, we assume that the homogeneous MEEM halfplane is made of BaTiO 3 À CoFe 2 O 4 composites that consist of piezoelectric phase BaTiO 3 and piezomagnetic phase CoFe 2 O 4 , whose MEE properties are listed in Table 1 (Zhou and Lee, 2013) . The material properties of the FGMEEM layer vary exponentially as described in Eq. (1) so that the homogeneous MEEM half-plane and the FGMEEM layer have the same material properties at the interface z ¼ 0. The exponential parameter bh is chosen to be the gradient index, and bh ¼ 0 corresponds to a homogeneous MEEM layer. Unless otherwise stated, the thickness of the FGMEEM layer h ¼ 0:01 m, the radius of the cylindrical punch R ¼ 0:08 m and the half-length of the flat punch a ¼ 0:01 m. A numerical research is conducted to investigate the effects of the gradient index, punch geometry and magneto-electro-mechanical loads on the frictionless contact behavior of the FGMEEM layered half-plane under the rigid conducting punch. In order to make the paper less tedious, we use ''the normal surface MEE fields'' to stand for ''the normal contact stress, electric displacement and magnetic induction''.
As we discussed above, the present problem can be reduced to the frictionless contact between a homogeneous MEEM half-plane and a rigid conducting punch by setting bh ¼ 0. Fig. 3 presents the normal surface MEE fields of the homogeneous MEEM half-plane subjected to the rigid conducting cylindrical punch. The analytical solutions obtained by Zhou and Lee (2012c) are also plotted in Fig. 3 for a direct comparison. It is seen that a very good agreement is achieved between the present results and the analytical solutions.
Figs. 4 and 5 plot the effect of the gradient index bh on the normal surface MEE fields of the FGMEEM layered half-plane under the flat punch and the cylindrical punch, respectively. For the flat punch, the normal surface MEE fields show a typical square root singularity at both ends x ¼ AEa. For the cylindrical punch, the electric displacement and magnetic induction are singular at the edge of the contact region whereas the contact stress is smooth. With the increase of the gradient index bh from À0.2 to 0.2, the absolute values of the normal surface MEE fields produced by the flat punch increase near the two ends where concentration in the normal surface MEE fields takes place. For the case of the cylindrical punch, the absolute values of the normal surface MEE fields increase with the increase of the gradient index bh at the center of the contact region. These results imply that we can alter the distribution of the normal surface MEE fields and therefore modified the MEE contact damage by adjusting the gradient index of FGMEEMs.
Figs. 6 and 7 discuss the effect of the mechanical load P on the normal surface MEE fields of the FGMEEM layered half-plane under the flat punch and the cylindrical punch, respectively. It is seen from the Fig. 6 that for the given electric and magnetic loads, the varying mechanical load P has no effect on the electric displacement and slight effect on the magnetic induction but rather significant effect on the contact stress. As expected, an increase of P leads to the increase of the absolute value of the contact stress. As illustrated in Fig. 7 , one can see that the normal surface MEE fields on the top surface are significantly influenced by varying the mechanical load P. When the electric and magnetic loads are increase in the mechanical load P leads to the increase of the absolute value of the contact stress in the whole contact region, but the absolute values of the electric displacement and magnetic induction decrease.
Figs. 8 and 9 show the effect of the electric load Q on the normal surface MEE fields of the FGMEEM layered half-plane under the flat punch and the cylindrical punch, respectively. For the given mechanical and magnetic loads, the electric load Q has a minor effect on the contact stress and magnetic induction but rather significant effect on the electric displacement. With the increase of Q , the absolute value of the electric displacement increases significantly.
The influence of the magnetic load C on the normal surface MEE fields of the FGMEEM layered half-plane under the flat punch and the cylindrical punch are plotted in Figs. 10 and 11 , respectively. Similar to the case of the electric load in Figs. 8 and 9 , the increase of the magnetic load C leads to a significant increase of the absolute value of the magnetic induction, but has a minor effect on the contact stress and electric displacement for both flat and cylindrical punches.
Figs. 12 and 13 depict the effect of the gradient index bh on the in-plane surface MEE fields of the FGMEEM layered half-plane under the flat and the cylindrical punch, respectively. For both flat and cylindrical punches, the gradient index has a significantly effect on the in-plane stress within the contact region (jxj < a) and slight effect on the in-plane electric displacement and magnetic induction outside the contact region (jxj > a). Also, the values of the in-plane electric displacement and magnetic induction are zero within the contact region. The absolute value of the in-plane stress within the contact region increases with the increase of the gradient index. Specially, the in-plane surface MEE fields, except the in-plane stress of the cylindrical punch, are singular and discontinuous at the edges of the contact region. From Figs. 4-13, we can observe the singularity and discontinuity of the normal and in-plane surface MEE fields near the edges of the contact region. The highly concentrations of the surface MEE fields may be important factors to the MEE contact damage of MEEMs. However, the concentration can be attenuated by adjusting the gradient index of FGMEEMS, and hence the MEE contact damage may be improved.
Conclusions
A two-dimensional frictionless contact problem of an FGMEEM layered half-plane under a rigid electro-magnetic conducting punch is presented in this paper. The MEE properties of the FGMEEM layer are assumed to vary exponentially along the thickness direction. The effects of the gradient index and magneto-electro-mechanical loads on the surface MEE fields of the FGMEEM layered half-plane are conducted in detail. Numerical study shows that the gradient index, punch geometry and magneto-electromechanical loads could considerably influence the contact behavior of FGMEEMs. It is found that:
(1) For the flat punch, the normal surface MEE fields show a typical square root singularity at both ends. For the cylindrical punch, the electric displacement and magnetic induction are singular at both ends whereas the contact stress is smooth. (2) For both flat and cylindrical punches, the gradient index has a significantly effect on the in-plane stress within the contact region and slight effect on the in-plane electric displacement and magnetic induction outside the contact region. (3) The magneto-electro-mechanical loads have a significant effect on the contact behavior of FGMEEMs. (4) The distribution of the normal and in-plane surface MEE fields can be altered by adjusting the gradient index of FGMEEMs, which therefore improves the resistance to the MEE contact damage.
The potential application of the present study is to predict the Hard Disk Drive behavior during head/disk impacts. On a Hard Disk Drive the information is stored on a magnetic layer, which consists of vertical parallel crystals. Possible impacts between the head and disk could slightly change the crystal orientation and therefore the crystals cannot be read. Finally, the results obtained in the present work can also provide very useful information in improving the resistance to the MEE contact damage and failure at the contact surface. It may be important for the design and service of MEEMs in smart devices.
Compared with the computational method, the most attractive advantage of the present semi-analytical method is its ability to obtain exact solutions, which can be used as benchmark solutions for numerical analysis of the contact mechanics of FGMEEMs. The computational method obtains only the approximate solution of problems due to its inherent errors. However, the semi-analytic method also has some disadvantages. It cannot readily handle the problems with very complex geometries, complex loadings and complex restraints. These disadvantages will limit the application of the semi-analytic method to practical engineering problems.
